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It is believed that extremal black holes do not emit Hawking radiation as understood by taking
extremal limits of non-extremal black holes. However, it is debated whether one can make such
conclusion reliably starting from an extremal black hole, as the associated Bogoliubov coefficients
which relate ingoing and outgoing field modes do not satisfy the required consistency condition. We
address this issue in a canonical approach firstly by presenting an exact canonical derivation of the
Hawking effect for non-extremal Kerr black holes. Subsequently, for extremal Kerr black holes we
show that the required consistency condition is satisfied in the canonical derivation and it produces
zero number density for Hawking particles. We also point out the reason behind the reported failure
of Bogoliubov coefficients to satisfy the required condition.
PACS numbers: 04.62.+v, 04.60.Pp
I. INTRODUCTION
In a landmark article [1], Hawking pioneered the idea of
black hole radiation. In particular, by considering quan-
tum fields in static, charged or rotating black hole space-
times, he showed that the asymptotic observers would
perceive thermal particle creation which is referred to as
the Hawking effect. In order to derive the Hawking ef-
fect, he used ingoing and outgoing null coordinates for
describing the scalar field modes. In last four decades
the Hawking effect has been an extensively studied topic
of modern physics. However, there are some related is-
sues which are still debated, particularly involving the
case of extremal black holes.
It is usually believed that extremal black holes do not
exhibit Hawking radiation as one would conclude by tak-
ing the extremal limits of non-extremal black holes. How-
ever, whether one can make such conclusion starting from
an extremal black hole is still debated in the literature
[2–5]. These debates stem from the fact that the asso-
ciated Bogoliubov transformation coefficients that relate
the ingoing and the outgoing field modes do not satisfy
the required consistency relation arising from the com-
mutator brackets between the creation and annihilation
operators of the field modes. Therefore, these Bogoliubov
coefficients which are used for computing number density
of Hawking quanta, are not reliable. Consequently, for
extremal black holes it is an important question to ask
whether one could find a fully consistent derivation to
conclude about the vanishing Hawking radiation.
In this article, our aims are two fold. Firstly, we
show that using the so called near-null coordinates
which were introduced for computing Hawking effect in
Schwarzschild spacetime [6], one can perform an exact
canonical derivation for non-extremal rotating Kerr black
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holes. The usage of these near-null coordinates were ne-
cessitated due to the fact that null coordinates cannot be
used to construct a non-trivial matter field Hamiltonian.
Consequently, a Hamiltonian based canonical derivation
of the Hawking effect for a Kerr black hole is still missing.
Secondly, for extremal Kerr black holes, we show that
the analogous consistency condition which arises from
the requirement of the Poisson bracket of field modes
and their conjugate momenta be simultaneously satisfied
for different observers, is also fulfilled. Further, we show
that in the canonical derivation the associated number
density operator for the Hawking quanta vanishes for
the extremal Kerr black holes. This feature reaffirms
that the extremal Kerr black holes do not emit Hawking
radiation. Additionally, the canonical derivation of the
Hawking effect for Kerr black holes as presented here pro-
vide the initial stage for the study of Hawking effect in
the context of the so called polymer quantization [7, 8],
a canonical quantization method used in loop quantum
gravity[9–11]. It appears that the existence of a new
length scale could substantially affect the Unruh effect
[12–14] as well as Hawking effect in Schwarzschild space-
time [15]. However, the question remains whether such
claims can be subjected to experimental verification even
if in principle. Given Kerr black holes are the only phys-
ically viable black holes, the study of Hawking effect for
the Kerr black holes in canonical formulation assumes
additional importance.
In the section II, we begin with a brief discussion about
the Kerr spacetime. In particular, we emphasize that un-
like Schwarzschild spacetime a Kerr black hole spacetime
has two horizons, of which the outer one is the event hori-
zon. Then we discuss the properties of the correspond-
ing null geodesics and null coordinates. In the section
III, we review the key aspects of the canonical formula-
tion. We consider a minimally coupled massless scalar
field in a Kerr black hole spacetime. Then we consider
two asymptotic observers; one near past null infinity I −
and another near future null infinity I +. Following [6],
we then define the pair of near-null coordinates to be
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2used for canonical derivation. We then construct the
Hamiltonian densities associated with the Fourier modes
of the field as seen by these two observers. In the section
IV, we consider non-extremal Kerr black holes and then
present the canonical derivation of the Hawking effect as
represented by the thermal distribution of the Hawking
quanta. Subsequently, in the section V we study the case
for extremal Kerr black holes.
II. THE KERR SPACETIME
The spacetime geometry outside of a rotating black
hole is described by the Kerr metric which is an exact
vacuum solution of the Einstein equation in general rel-
ativity. It is further generalized by the advent of Kerr-
Newman metric where one includes a net charge to a
rotating black hole. However, it is rather a theoretical
construct given a charged astrophysical body is unlikely
to be found in nature. On the other hand the abundance
of rotating Kerr black holes in our universe and the re-
cent discovery of gravitational waves from their merger
[16–19] makes them interesting astrophysical objects to
investigate further.
A. Metric and horizons in Kerr spacetime
The Kerr spacetime is described by two parameters,
namely the mass of the black hole M and its angular mo-
mentum per unit mass a. Using the natural units where
speed of light c and Planck constant ~ are set to unity,
one can express the corresponding invariant distance el-
ement using Boyer-Lindquist coordinates [20] as
ds2 = − 1
ρ2
(∆− a2 sin2 θ)dt2 + ρ
2
∆
dr2 + ρ2dθ2
+
Σ
ρ2
sin2 θ dφ2 − 2a
ρ2
(r2 + a2 −∆) sin2 θ dtdφ , (1)
where ρ2 = r2 +a2 cos2 θ, Σ = (r2 +a2)2−a2∆ sin2 θ and
∆ = r2+a2−rsr with rs = 2GM being the Schwarzschild
radius corresponding to mass M [21–33]. The metric
components diverge at both ρ2 = 0 and ∆ = 0. In par-
ticular, the Kretschmann scalar is singular at ρ2 = 0,
which signifies a curvature singularity and cannot be re-
moved by any coordinate transformation. On the other
hand, ∆ = 0 corresponds to a coordinate singularity and
it gives the position of two horizons at r = rh and r = rc
where
rh =
1
2 (rs+
√
r2s − 4a2 ) , rc = 12 (rs−
√
r2s − 4a2 ) . (2)
The outer horizon, located at rh, is the event horizon
with the surface gravity κh =
√
r2s − 4a2/(2rsrh). The
inner horizon is located at rc and it is a Cauchy horizon
with surface gravity κc =
√
r2s − 4a2/(2rsrc). Due to
the frame-dragging effect [22, 24], an inertial observer
experiences an angular velocity in Kerr spacetime, given
by
Ω ≡ Ω(r, θ) = g
tφ
gtt
=
arrs
Σ
. (3)
We may mention that the study as presented here can
be generalized for the Kerr-Newman black holes [34–36]
by using ∆ = r2 + a2 + r2Q − rsr, where r2Q = Q2G/4pi0
with charge Q and Coulomb’s force constant 1/4pi0.
B. Null trajectories in Kerr spacetime
In Kerr spacetime the governing equations for null
geodesics [22] can be expressed as
t˙ =
r2 + a2
∆
, r˙ = ±1 , θ˙ = 0 , φ˙ = a
∆
, (4)
where the overhead dot denotes derivative with respect to
an affine parameter. Due to the frame dragging effect the
azimuthal angle φ cannot be kept constant along any in-
going or outgoing null trajectory, unlike in Schwarzschild
spacetime. However, using the Eqn. (4) one can show
that along the ingoing null trajectories, the coordinates
v = t+ r? and ψ = φ+ r] are constants where
dr? =
r2 + a2
∆
dr , dr] =
a
∆
dr . (5)
Similarly, along the outgoing null trajectories the coor-
dinates u = t − r? and χ = φ − r] are constants. Here
r? denotes the tortoise coordinate in analogy to the one
in Schwarzschild spacetime. Depending on whether the
Kerr black hole is extremal or non-extremal, the expres-
sion of the coordinates r? and r] in terms of radial coor-
dinate r differ.
C. Number density of Hawking quanta
In order to study the Hawking effect we consider the
scenario where Kerr spacetime is formed after the col-
lapse of matters starting from a Minkowski spacetime in
the past. The detailed evolution of the collapsing mat-
ters are not relevant for our study. To capture this aspect
of change in metric over time, yet to avoid the technical
difficulties that are associated with the field quantization
in a single time-dependent metric, Hawking considered
two different asymptotic observers, one at past null in-
finity I −, and other at future null infinity I +, each
having time-independent but different metric. The vac-
uum states corresponding to these two observers differ
from each other as their metric are different.
To represent the Hawking quanta, in the given space-
time with metric gµν , we consider a minimally coupled
massless free scalar field Φ(x) which is described by the
action
SΦ =
∫
d4x
[
−1
2
√−ggµν∇µΦ(x)∇νΦ(x)
]
. (6)
3The Hawking effect is realized by computing the Bogoli-
ubov transformation coefficients between these two ob-
servers at the past and the future null infinities respec-
tively. The expectation value of the number density op-
erator corresponding to the Hawking quanta of frequency
ω is given by [1]
Nω =
1
e2pi(ω−mΩh)/κh − 1 , (7)
where κh and Ωh are the surface gravity and the angular
velocity Ω at the event horizon respectively. Here m de-
notes the azimuthal quantum number of the modes. By
comparing the Eqn. (7) with the blackbody distribution
we may read off the corresponding Hawking temperature
as TH = κh/(2pikB) with kB being the Boltzmann con-
stant.
III. CANONICAL FORMULATION
The particle creation in a curved spacetime is directly
connected to the dynamical nature of the spacetime met-
ric. In the case of black hole radiation, it arises as the
spacetime evolves from being Minkowskian in the past
to a specific black hole spacetime in future due to the
collapse of matters. In order to perform Hamiltonian
based canonical derivation of the Hawking effect in Kerr
spacetime we follow a similar approach by considering
two asymptotic observers near past and future null in-
finities, each having time-independent but different met-
ric. Subsequently, we compute expectation value of the
Hamiltonian density operator for the field modes of the
future observer in the vacuum state of the past observer
and then read off the number density of the Hawking
quanta.
A. Reduced scalar field action
In the Kerr spacetime with axial symme-
try, one can decompose the scalar field in
terms of spheroidal harmonics eimφSlm(θ) as
Φ(x) =
∑
l,m e
imφSlm(θ) ϕlm(r, t)/
√
r2 + a2. However,
in order to emphasize a key aspect of Kerr spacetime we
perform the reduction in two steps. Firstly, we express
the scalar field as Φ(t, r, θ, φ) =
∑
lm e
imφ Φlm(t, r, θ).
After carrying out the integration over azimuthal angle
φ, the action (6) reduces to SΦ =
∑
ll′m Sll′m where
Sll′m =
∫
dtdrdθ
√−g [− 12gtt∂tΦ∗l′m∂tΦlm
− i2m gtφ(∂tΦ∗l′mΦlm − Φ∗l′m∂tΦlm)
− 12grr∂rΦ∗l′m∂rΦlm − 12gθθ∂θΦ∗l′m∂θΦlm
− 12m2gφφΦ∗l′mΦlm
]
. (8)
We note that if one redefines the field further as
Φlm(t, r, θ) ≡ e−imΩt Φ˜lm(t, r, θ) , (9)
then the terms in the action (8) involving temporal
derivative of fields simplify to
Sll′m =
∫
dtdrdθ
√−g
[
− 12gtt∂tΦ˜∗l′m∂tΦ˜lm
− 12grr∂r(e−imΩtΦ˜l′m)∗∂r(e−imΩtΦ˜lm)
− 12gθθ∂θ(e−imΩtΦ˜l′m)∗∂θ(e−imΩtΦ˜lm)
− 12m2
(
gφφ − Ωgtφ) Φ˜∗l′mΦ˜lm ] . (10)
In the regions near the past and the future null infini-
ties where the relevant observers for realizing Hawking
effect are located, the redefined field can be expressed as
Φ˜lm(t, r, θ) ' Slm(θ) ϕlm(r?, t)/
√
r2 + a2. The same ap-
proximation for the field is also possible in the region near
the event horizon ∆ → 0 where the term Ω becomes Ωh
which is the angular velocity of the event horizon. By us-
ing orthogonality condition
∫
d(cos θ)Slm(θ)S ∗l′m(θ) =
δl,l′ , we achieve the final form of the reduced action as
SΦ =
∑
lm Slm in the regions near horizon as well as near
null infinities, where
Slm '
∫
dtdr?
[
1
2∂tϕ
∗
lm∂tϕlm − 12∂r?ϕ∗lm∂r?ϕlm
]
. (11)
The action (11) represents a scalar field in 1+1 dimen-
sional flat spacetime.
B. Frequency shift due to frame dragging
The solutions to the field equation corresponding to
the action (11) can be expressed as
ϕlm(r, t) ∼ 1√
2piω˜
e−iω˜(t±r?) . (12)
However, in order to understand the full dynamics of the
physical field Φ, one needs to consider the solutions (12)
together with the relation (9) which provides additional
time-dependence. In particular, if one reads off the fre-
quency, as defined as the eigenvalue of the operator i∂t,
then it would be ω˜ for redefined field mode ϕlm (12). On
the other hand, the frequency, say ω, of the physical field
mode Φlm (9) would be ω = ω˜ + mΩ. The Hawking ef-
fect is realized through the modes which travel out from
the region very close to the event horizon. Therefore,
for these modes the frequency ω˜ can be related to the
physical frequency ω as [37–43]
ω˜ = ω −mΩh . (13)
This key feature of frequency shift in the Kerr space-
time is reflected through the expression of the expecta-
tion value of the number density operator (7).
4C. The observers O− and O+
1. Near-null coordinates
The field modes (12) are usually expressed in terms
of the null coordinates v and u as ϕ˜lm ∼ e−iω˜v or
ϕ˜lm ∼ e−iω˜u. Therefore, the Hawking effect is conve-
niently understood using Bogoliubov transformation co-
efficients between field modes of the two observers, each
are described by null coordinates (see Fig.1). However,
the usage of the null coordinates do not lead to a true
matter Hamiltonian that can describe the dynamics of
these modes. Therefore, in the pursuit of a canonical
derivation of the Hawking effect we need to look for coor-
dinates which are not null. By following the approach as
prescribed in [6] we define a set of near-null coordinates
by slightly deforming the outgoing and the ingoing null
coordinates. In particular, for the observer located near
the past null infinity I −, say observer O−, the near-null
coordinates are defined as
τ− = t− (1− )r? ; ξ− = −t− (1 + )r? , (14)
where the parameter  is considered to be small such
that  2. In a similar manner we define the near-null
coordinates for the observer located near the future null
infinity I +, say observer O+, as
τ+ = t+ (1− )r? ; ξ+ = −t+ (1 + )r? . (15)
We are considering the scenario where the black hole
is formed after the collapse of matters staring from a
Minkowskian spacetime. Therefore, for the past observer
O−, the definition of tortoise coordinate in (14) is trivial
i.e. dr? = dr. We may note that the timelike character-
istics of the coordinates τ± is maintained for the range
0 <  < 2. However, for simplicity here we consider the
parameter  to be small.
2. Field Hamiltonian
For the past observerO−, the 1+1 dimensional reduced
spacetime is described by the Minkowski metric ds2 =
−dt2 + dr2? = −dt2 + dr2. Therefore, the invariant line
element can be written using near-null coordinates (14)
as
ds2− =

2 [−dτ2−+dξ2−+ 2dτ−dξ−] ≡ 2 g0µνdxµ−dxν− , (16)
where flat metric g0µν is conformally transformed. With
respect to the future observer O+, the Kerr black hole
is already formed. Nevertheless, as far as the dynamics
of the 1+1 dimensional reduced scalar field action (11)
is concerned, even for the observer O+, the underlying
metric can be expressed as ds2 = −dt2 + dr2?. Using
the near-null coordinates (15), this invariant line-element
becomes
ds2+ =

2 [−dτ2+ +dξ2+ + 2dτ+dξ+] ≡ 2 g0µνdxµ+dxν+ . (17)
Therefore, we may express the reduced scalar field action
(11) for both observers as
Sϕ =
∫
dτ±dξ±
[
− 12
√
−g0g0µν∂µϕ∂νϕ
]
. (18)
For brevity of notation we have omitted the subscripts
from the redefined field ϕlm.
In order to derive the scalar field Hamiltonian, we con-
sider spatial slicing of the reduced spacetime labelled by
the coordinate τ±. From Eqns. (16) and (17), one can
show that corresponding lapse function N = 1/, shift
vector N1 = 1/ and determinant of the spatial metric
q = 1. The scalar field Hamiltonian then can be written
as
H±ϕ =
∫
dξ± 1
[{
1
2Π
2 + 12 (∂ξ±ϕ)
2
}
+ Π ∂ξ±ϕ
]
, (19)
where the superscript (±) refers to the Hamiltonian for
the observer O+ and O− respectively. The field ϕ and
its conjugate momentum Π satisfy the Poisson bracket
{ϕ(τ±, ξ±),Π(τ±, ξ′±)} = δ(ξ± − ξ′±) . (20)
Using Hamilton’s equation, the field momentum Π can
be expressed as
Π(τ±, ξ±) =  ∂τ±ϕ− ∂ξ±ϕ . (21)
We note from the Eqn. (19) that at the value of the pa-
rameter  = 0, the Hamiltonian becomes ill-defined. This
signifies the necessity of near-null coordinates in order to
study the Hawking effect using a Hamiltonian approach.
3. Fourier modes
For both the observers, the spatial volume V± =∫
dξ±
√
q formally diverges as
√
q = 1. Therefore to avoid
dealing with explicitly diverging quantities, we consider
a finite fiducial box during the intermediate steps of com-
putations, such that
V± =
∫ ξR±
ξL±
dξ±
√
q = ξR± − ξL± . (22)
Subsequently, we define the respective Fourier modes of
the scalar field for the observers O+ and O− as
ϕ(τ±, ξ±) = 1√
V±
∑
k
φ˜±k e
ikξ± ,
Π(τ±, ξ±) = 1√
V±
∑
k
√
q p˜i±k e
ikξ± , (23)
where φ˜±k = φ˜
±
k (τ±), p˜i
±
k = p˜i
±
k (τ±) are the complex-
valued mode functions. The finite volume of the fidu-
cial box leads to the definition of Kronecker delta
and Dirac delta as
∫
dξ±
√
qei(k−k
′)ξ± = V±δk,k′ and
5∑
k e
ik(ξ±−ξ′±) = V±δ(ξ± − ξ′±)/
√
q . The definition of
these two deltas together imply k ∈ {ks} where ks =
2pis/V± with s being a nonzero integer. These definitions
help us to express the scalar field Hamiltonians (19) in
terms of the Fourier modes as H±ϕ =
∑
k
1

(H±k +D±k )
where the Hamiltonian densities and diffeomorphism gen-
erators are
H±k = 12 p˜i±k p˜i±−k + 12k2φ˜±k φ˜±−k , (24)
and
D±k = − ik2 (p˜i±k φ˜±−k − p˜i±−kφ˜±k ) , (25)
respectively. The corresponding Poisson brackets are
{φ˜±k , p˜i±−k′} = δk,k′ . (26)
D. Relation between Fourier modes
In order to find relations between the field modes and
their conjugate momenta for the two observers, we note
that ϕ(τ−, ξ−) = ϕ(τ+, ξ+), given the field is scalar.
The field momentum follows a relation Π(τ+, ξ+) =
(∂ξ−/∂ξ+)Π(τ−, ξ−) [6]. A simple way to understand
this relation is as follows. In order to realize the Hawk-
ing effect, the past observer considers ingoing modes with
null coordinate v constant whereas the future observer
considers the outgoing modes with null coordinate u con-
stant. Using these restrictions together with expressions
of the momenta (21), one can arrive at the given relation
between the two momenta. Having these relations be-
tween the field and the field momentum, one can obtain
the relations between their Fourier modes and respective
conjugate momenta as
φ˜+κ =
∑
k
φ˜−k F0(k,−κ) ; p˜i+κ =
∑
k
p˜i−k F1(k,−κ) , (27)
where we have considered Fourier modes on fixed spa-
tial hyper-surfaces. The coefficient functions Fn(k, κ) are
given by
Fn(k, κ) =
1√
V−V+
∫
dξ+
(
∂ξ−
∂ξ+
)n
eikξ−+iκξ+ , (28)
where n = 0, 1. These coefficient functions are analogous
to the Bogoliubov coefficients in the covariant formula-
tion. In particular we note that for k, κ > 0 the coefficient
functions Fn(−k,−κ) are analogous to the Bogoliubov
mixing coefficients βωω′ whereas Fn(k,−κ) are analogous
to the Bogoliubov coefficients αωω′ of [1]. Using repre-
sentation of Dirac delta distribution δ(µ) = 12pi
∫
dx eiµx
and by setting µ = 1, x = (±kξ− + κξ+) there one can
obtain a relation
F1(±k, κ) = ∓
(
κ
k
)
F0(±k, κ) . (29)
In other words, the evaluation of only one coefficient func-
tion, say F0(±k, κ), is sufficient for the subsequent anal-
ysis.
E. Poisson bracket consistency condition
The requirement that two different Poisson brackets
{φ˜−k , p˜i−−k′} = δk,k′ and {φ˜+κ , p˜i+−κ′} = δκ,κ′ be simulta-
neously satisfied, demands a relation between the coef-
ficient functions F0(±k, κ). In particular, by using the
Eqn. (29), we may express this consistency requirement
as
S−(κ)− S+(κ) = 1 , (30)
where S±(κ) =
∑
k>0(κ/k)|F0(±k, κ)|2. This condition
is analogous to the consistency condition between Bogoli-
ubov coefficients [5] which arises from the imposition of
the commutator bracket between the creation and anni-
hilation operators of the field modes for two asymptotic
observers.
F. Relation between Hamiltonian densities and
diffeomorphism generators
Using relations (27) and (29) one can express the
Hamiltonian density H+κ for the observer O+ in terms
of the Hamiltonian density H−k of the observer O− as
H+κ = h1κ +
∑
k>0
(κ
k
)2
[|F0(−k, κ)|2 + |F0(k, κ)|2] H−k ,
(31)
where h1κ =
∑
k 6=k′(κ
2/2kk′)F0(k,−κ)F0(−k′, κ){p˜i−k p˜i−−k′+
kk′φ˜−k φ˜
−
−k′}. h1κ is being linear in φ−k and its conjugate
momentum, the vacuum expectation value of its quan-
tum counterpart vanishes. Similarly, the diffeomorphism
generators of the two observers can be related as
D+κ = d1κ +
∑
k>0
(κ
k
)2
[|F0(−k, κ)|2 + |F0(k, κ)|2] D−k ,
(32)
where d1κ =
∑
k 6=k′(iκ
2/2k) {F0(−k, κ)F0(k′,−κ) p˜i−−kφ˜−k′−
F0(k,−κ)F0(−k′, κ) p˜i−k φ˜−−k′} which is also linear in field
mode and its conjugate momentum.
G. Fock quantization and the vacuum state
The scalar field under consideration is real-valued
which imposes condition on the Fourier modes as φ˜∗k =
φ˜−k. This implies that the real and imaginary parts of
field modes are not independent. A suggested way to im-
plement this reality condition is to suitably redefine real
and imaginary parts for different domains in terms of a
real-valued mode function [6, 44] which leads the Hamil-
tonian density to represent a simple harmonic oscillator
as
H±k =
1
2
pi2k +
1
2
k2φ2k , {φ2k, pi2k′} = δk,k′ , (33)
6where φk and pik are the redefined real-valued field
modes. Further, this redefinition makes diffeomorphism
generator to vanish i.e. D−k = 0.
The Fock quantization of massless free scalar field can
be viewed as the Schro¨dinger quantization of only pos-
itive frequency oscillator modes. We may now restrict
ourselves with the modes where k, κ > 0 so that the
mode frequency can be identified as ω˜ = κ and so on.
The energy spectrum for each of these oscillator modes is
given by Hˆ−k |nk〉 = (Nˆ−k + 12 )k|nk〉 = (n+ 12 )k|nk〉 where
Nˆ−k is the corresponding number operator, |nk〉 are its
eigen-states with integer eigenvalues n ≥ 0. The Hawk-
ing effect is realized by computing the expectation value
of the Hamiltonian density operator Hˆ+κ ≡ (Nˆ+κ + 12 )
corresponding to the observer O+ in the vacuum state
|0−〉 = Πk|0k〉 corresponding to the observer O−. There-
fore, the expectation value of the number density oper-
ator corresponding to the Hawking quanta of frequency
ω˜ = κ, after using the Eqn. (30) along with the Eqn.
(31), can be expressed as
Nω˜ = Nκ ≡ 〈0−|Nˆ+κ |0−〉 = S+(κ) , (34)
where we have used the properties 〈0k|φˆk|0k〉 = 0 and
〈0k|pˆik|0k〉 = 0. For Fock quantization, the number den-
sity operator employed in [6] is equivalent to the number
density operator (34).
IV. NON-EXTREMAL KERR BLACK HOLES
In order to explicitly evaluate the coefficient function
F0(k, κ) we require the expression of tortoise coordinate
r? which depends crucially on the fact whether the given
Kerr black hole is extremal or non-extremal. Therefore,
we deal with these two cases separately. Using the Eqn.
(5) one can compute the expression of r? for non-extremal
black hole, with suitable choice of integration constants,
as
r? = r+
1
2κh
ln [(r − rh)κh]− 1
2κc
ln [(r − rc)κc] , (35)
where κh and κc denote the surface gravity at the outer
and the inner horizon of the Kerr spacetime respectively.
A. Relation between spatial coordinates ξ− and ξ+
In order to establish the relation between the coor-
dinates ξ− and ξ+, following [6], we consider a pivotal
point ξ0− on a τ− = constant hyper-surface. A spacelike
interval on this hyper-surface can be written as
(ξ− − ξ0−)|τ− = 2(r0? − r?)|τ− = 2(r0 − r)|τ− ≡ ∆ , (36)
where r0 is a pivotal value corresponding to ξ0−. In de-
riving Eqn. (36) we have used fact that for the observer
r
=
0
I +
I −
r
=
r h
r
=
r
c
r
=
r c
v0
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→
−∞
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0
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=
0
r
=
0
1
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1
FIG. 1: Simplified Penrose diagrams for (a) non-extremal
and (b) extremal Kerr black holes. The black hole is formed
through matter collapse which is depicted by the shaded re-
gion. A null ray leaving from I− before v0 would end up on
I + whereas a null ray leaving after v0 would end up being
inside the black hole.
O− the spacetime was Minkowskian. In a similar manner
we can express a spacelike interval on a τ+ = constant
hyper-surface as
(ξ+−ξ0+)|τ+ = ∆+
1
κh
ln
(
1 +
∆
∆h
)
− 1
κc
ln
(
1 +
∆
∆c
)
,
(37)
where ∆h ≡ 2(r0 − rh)|τ+ , ∆c ≡ 2(r0 − rc)|τ+ . Further,
we have identified the interval 2(r − r0)|τ+ as ∆ using
geometric optics approximation. We choose the pivotal
values ξ0− = ∆h and ξ
0
+ = ξ
0
− +
1
κh ln(κhξ
0
−)− 1κc ln(1 +
κhξ0−/σ). These choices lead to the relation
ξ+ = ξ− +
1
κh
ln(κhξ−)− 1κc ln
(
1 +
κhξ−
σ
)
, (38)
where σ = κh(∆c−∆h). The modes that give rise to the
Hawking radiation, travel out from the region very close
to the horizon and for them κhξ−  1. Consequently for
these modes, the relation (38) can be approximated as
ξ+ ≈ 1κh ln(κhξ−) . (39)
We note from the Eqn. (39) that the full domain of the
coordinate ξ+ is (−∞,∞) whereas it is (0,∞) for ξ− i.e.
the domains are the same as implied by the Eqn. (38).
However, as mentioned earlier, we shall restrict ourselves
within a finite fiducial box during the intermediate steps
in our analysis.
B. Evaluation of coefficient functions F0(±k, κ)
From the Eqns. (30) and (31) we observe that the
consistency condition and the Hamiltonian density both
7require the expression of F0(k, κ) and for non-extremal
Kerr black hole it can be written as
F0(±k, κ) =
∫
dξ−√
V−V+
(κhξ−)−1e±ikξ−+i(κ/κh) ln(κhξ−) .
(40)
The integrand being oscillatory in nature, the coefficient
function F0(k, κ) (40) is formally divergent. In order to
regulate this integral we introduce the standard ‘iδ’ reg-
ulator, with small δ > 0, as follows
F δ0 (±k, κ) =
∫
dξ−√
V−V+
(κhξ−)−1 e−(δ∓i)kξ−
× e(δ+iκ/κh) ln(κhξ−) . (41)
In the limit δ → 0, the regulated expression F δ0 (±k, κ)
reduces to F0(±k, κ). We may mention that the regular-
ization scheme employed in [6] differs slightly from the
one used here. By introducing variables b± = (δ∓i)k/κh,
b0 = (δ + iκ/κh) and ξ = (b±κhξ−), we can express reg-
ulated coefficient function as
F δ0 (±k, κ) =
b−b0±
κh
√
V−V+
∫
dξ e−ξ ξb0−1 =
b−b0± Γ(b0)
κh
√
V−V+
,
(42)
where Γ(b0) is the Gamma function. Given the fiducial
box has a finite volume, we have added two boundary
terms ∆IL =
∫ ξL
0
dξe−ξξb0−1 and ∆IR =
∫∞
ξR
dξe−ξξb0−1
to make the Gamma function complete. Both of these
terms vanish when one removes the volume regulators
by taking the limit ξL ≡ (b±κhξL−) → 0 and ξR ≡
(b±κhξR−)→∞. We note an useful property
F δ0 (−k, κ) = e(pi−2δ)κ/κh−iδpi F δ0 (k, κ) , (43)
where we have used (δ ± i) = e±i(pi/2−δ) + O(δ2). The
Eqn. (43) shows that these coefficient functions satisfy a
relation analogous to the Bogoliubov coefficients [1] for
non-extremal Kerr black hole.
C. Consistency condition
The Eqn. (42) together with the relation k := ks =
(2pis/V−) leads
Sδ+(κ) =
κ |Γ(b0)|2e−(pi−2δ)κ/κh
κ2−2δh (2pi)1+2δ
(
ζ(1 + 2δ)
V −2δ− V+
)
, (44)
where ζ(1 + 2δ) =
∑∞
s=1 s
−(1+2δ) is the Riemann zeta
function. Furthermore, the Eqn. (43) implies that
Sδ−(κ) = e(2pi−4δ)κ/κh Sδ+(κ). Given ζ(1) is divergent, it
is clear that in order to keep the term Sδ± finite one needs
to remove volume regulators ξL− and ξ
R
− along with the
integral regulator δ. To find the required dependency
among the regulators, we use the regulated expression
(42) such that the consistency condition (30) becomes
sinh((pi − 2δ)κ/κh)
pi (κ/κh)−1|Γ(b0)|−2 =
(κhV+)(2pi/κhV−)2δ
ζ(1 + 2δ)
. (45)
Using Gamma function identity Γ(z)Γ(1−z) = pi/ sinpiz,
zeta function identity limδ→0[δ ζ(1 + δ)] = 1 and the
Eqn. (39) one can show that the consistency condition
demands κhξL− ∼ e−1/2δ, i.e. the volume regulator ξL−
and integral regulator δ should be varied together. Once
this limit is taken other volume regulator ξR− drops off
from the expression of Sδ+(κ).
D. Number density of Hawking quanta
Therefore, the expectation value of the number density
operator (34) for a non-extremal Kerr black hole becomes
Nκ = lim
δ→0
Sδ+(κ) =
1
e2piκ/κh − 1 . (46)
The wave number κ in the Eqn. (46) corresponds to the
redefined field ϕlm. Therefore, following the relation (13)
together with ω˜ = κ > 0, the number density of Hawking
quanta of frequency ω corresponding to the physical field
mode Φlm becomes
Nω =
1
e2pi(ω−mΩh)/κh − 1 , (47)
which represents a blackbody distribution at
the Hawking temperature TH ≡ κh/(2pikB) =√
r2s − 4a2/(4pikBrsrh). Clearly, the Hawking tem-
perature for non-extremal Kerr black hole [45–48]
depends both on its mass M and the angular momentum
parameter a.
V. EXTREMAL KERR BLACK HOLES
We note that in the extremal limit a→ 12rs, the Hawk-
ing temperature vanishes for a non-extremal Kerr black
hole. However, in this limit the expression of the tor-
toise coordinate (35) becomes singular. Given the tor-
toise coordinate is crucial in deriving the Hawking effect
in Kerr spacetime [3, 5, 49, 50], one is naturally led to
ask whether this limit can be taken reliably. This pro-
vides a strong motivation to study extremal Kerr black
hole independently in its own right. Using the definition
(5) and a suitable choice of integration constant, the ex-
pression of the tortoise coordinate for the extremal Kerr
black hole i.e. with a = rs/2, becomes
r? = r + rs ln
(
2r − rs
rs
)
− r
2
s
2r − rs , (48)
which differs qualitatively compared to the expression
(35) for non-extremal black hole.
A. Relation between spatial coordinates ξ− and ξ+
In order to establish the relation between spatial coor-
dinates ξ− and ξ+ for extremal Kerr black hole, as earlier
8we consider a pivotal point ξ0− on a τ− = constant hyper-
surface. A spacelike interval on this hyper-surface can be
expressed as
(ξ− − ξ0−)|τ− = 2(r0? − r?)|τ− = 2(r0 − r)|τ− ≡ ∆ , (49)
where r0 corresponds to ξ0−. On the other hand, using the
Eqn. (48), a spacelike interval on a τ+ = constant hyper-
surface, as seen by the observer O+, can be expressed as
(ξ+−ξ0+)|τ+ = ∆+2rs ln
(
1 + ∆∆0
)
− 2r2s∆+∆0 +
2r2s
∆0
, (50)
where ∆0 ≡ 2(r0 − rs/2)|τ+ and again we have identi-
fied the interval 2(r − r0)|τ+ as ∆ using geometric op-
tics approximation. By choosing ξ0− = ∆0 and ξ
0
+ =
ξ0− + 2rs ln(ξ
0
−/
√
2rs)− 2r2s/ξ0−, we can express the rela-
tion as
ξ+ = ξ− + 2rs ln
(
ξ−√
2rs
)
− 2r
2
s
ξ−
. (51)
Here we note that ξ+ ≈ ξ− in the region where
(ξ−/
√
2rs)  1 whereas ξ+ ≈ −2r2s/ξ− for the region
where (ξ−/
√
2rs)  1. Additionally, at (ξ−/
√
2rs) = 1,
the logarithmic term ln
(
ξ−/
√
2rs
)
vanishes. Therefore,
we may approximate the relation (51) as
ξ+ ≈ ξ− − 2r
2
s
ξ−
. (52)
This approximation allows one to perform simpler ana-
lytical computations of the coefficient functions (28). We
may also note from the Eqn. (51) that the full domain of
the coordinate ξ+ is (−∞,∞) whereas it is (0,∞) for ξ−
as also implied by the Eqn. (52). However, as mentioned
earlier, we shall restrict ourselves within a finite fiducial
box during the intermediate steps.
B. Evaluation of coefficient functions F0(±k, κ)
By using the relation (52), the coefficient functions
F0(±k, κ) (28) for an extremal Kerr black hole can be
expressed as
F0(±k, κ) =
∫
dξ−√
V−V+
(
1 +
2r2s
ξ2−
)
ei(κ±k)ξ−−i2r
2
sκ/ξ− .
(53)
Similar to the case of non-extremal Kerr black hole, the
integral (53) is also formally divergent. Therefore, we
introduce the standard ‘iδ’ regulation scheme with small
δ > 0, as follows
F δ0 (±k, κ) =
∫
dξ−√
V−V+
(
1 +
2r2s
ξ2−
)
e−(δ+i)2r
2
sκ/ξ−
× e−[δ|κ±k|−i(κ±k)] ξ− . (54)
It is easy to check that in the limit δ → 0, the regu-
lated expression F δ0 (±k, κ) reduces to F0(±k, κ). By in-
troducing the variables b± =
√
2rs [δ|κ± k| − i (κ± k)],
b0 =
√
2rsκ(δ + i) and ξ = (ξ−/
√
2rs), we can express
the regulated coefficient function as
F δ0 (±k, κ) =
√
2 rs√
V−V+
∫ ξR
ξL
dξ
(
1 + ξ−2
)
e−b±ξ−b0/ξ ,
(55)
where ξL = (ξL−/
√
2rs) and ξ
R = (ξR−/
√
2rs) are the
lower and upper limits of the integration associated with
the fiducial box. We note that there is a possibility of
(κ−k) = 0 i.e. b− = 0, which changes the characteristics
nature of the integral. Therefore, we evaluate this case
separately.
1. Evaluation of F δ0 (−κ, κ)
For the case when b− = 0, one can evaluate the integral
by defining an auxiliary variable t = b0/ξ as
F δ0 (−κ, κ) =
√
2 rs√
V−V+
[
ξR + b−10
eb0/ξR
− ξ
L + b−10
eb0/ξL
− b0Γ
(
0,
b0
ξR
)
+ b0Γ
(
0,
b0
ξL
)]
, (56)
where Γ (0, x) =
∫∞
x
dt t−1e−t is the incomplete Gamma
function. For convenience, we define the parameters γ ≡
(V−/V+) and m? ≡ (κV−/2pi) = (|b0|V−/2pi
√
2rs). Using
these parameters for sufficiently small ξL and sufficiently
large ξR one can express the Eqn. (56) as
|F δ0 (−κ, κ)|2 = γ
[
1 +O
(
ln(m?)
m?
)]
. (57)
Clearly, when one removes the volume regulator by
taking the limit m? → ∞, the coefficient function
|F δ0 (−κ, κ)|2 reduces to γ.
2. Evaluation of F δ0 (±k, κ) with (κ± k) 6= 0
For the case when b± 6= 0, we may define an aux-
iliary variable t = b±ξ together with z2± = 4 b0b±
to evaluate the coefficient functions F δ0 (±k, κ) (55) in
terms of the modified Bessel functions of second kind
whose integral representations are given by Kν(z) =
2−1(z/2)ν
∫∞
0
dt t−(ν+1) e−(t+z
2/4t) [51, 52]. By using
the identity Kν(z) = K−ν(z), we can express regulated
coefficient functions as
F δ0 (±k, κ) =
√
2 rs√
V−V+
(
b0 + b±
b0 b±
)
[z±K1(z±)] , (58)
where two boundary terms ∆IL (∼ e−b0/ξL) and ∆IR (∼
e−b±ξ
R
) are added to complete the limits of integration.
In the limits ξL → 0 and ξR →∞ both these terms van-
ish. We may note here that the asymptotic expressions
of the modified Bessel function are given as K1(z) ≈ 1z
for z  1 and K1(z) ∼
√
pi
2z e
−z for z  1 [53].
9C. Consistency condition
In order to satisfy the consistency condition we de-
mand that the regulated coefficient functions F δ0 (±k, κ)
satisfy the Eqn. (30). For the case when b± 6= 0, the
regulated expressions of the summations can be written
as
Sδ±(κ) =
1
κ V−V+
∑
k>0
k
(κ± k)2 |z±K1(z±)|
2
. (59)
In order to carry out the summations, as in the Eqn.
(30), we may recall that k := ks = 2pis/V− and κ :=
κs′ = 2pis
′/V+ where s and s′ are positive definite inte-
gers. Therefore, we can express the lhs of Eqn. (30) for
extremal Kerr black hole as
Sδ−(κ)− Sδ+(κ) = |F δ0 (−κ, κ)|2 +
γζ(2)
2pi2
+
γ S(1,∞)
4pi2m?
.(60)
Here the auxiliary summation function S(s0, s1) is intro-
duced as
S(s0, s1) =
s1∑
s=s0
[
2m?
s2
{|z˜K1(z˜)|2 − 1}
+
(s−m?)
s2
{|z˜K1(z˜)|2 − |z˜K1(|z˜|)|2}] ,(61)
where z˜ ≡ z˜(s) = √4|b0|2s/m? (δ + i). In order to
arrive at the Eqn. (60) we have included the possibility
of (κ − k) = 0 which in turn demands that γ must be
a ratio of two positive definite integers i.e. γ must be a
rational number.
Given the function K1(z) satisfies limz→0 |zK1(z)| = 1,
limz→∞ |zK1(z)| = 0 and it has no other pole, there ex-
ist upper bounds d1 and d2 such that |z˜K1(z˜)|2 ≤ d1
and |z˜K1(|z˜|)|2 ≤ d2 for all allowed values of z˜. For
a given value of |b0| the removal of volume regulator
V− → ∞ is achieved by taking the limit m? → ∞. In
such limit we may choose two numbers λ1 and λ2 such
that |z˜(λ1m?)| = 2|b0|
√
λ1  1 and |z˜(λ2m?)|  1. We
note that for a given |b0| and sufficiently large m?, both
λ1m?  1 and λ2m?  1. Consequently, we may express
the summation as
S(1,∞) = S(λ1m?, λ2m?) + S(λ2m? + 1,∞) . (62)
where we have used S(1, λ1m? − 1) = 0 as the corre-
sponding |z˜|  1. Given the form of S(s0, s1), we can
approximate the summation by an integration for large
s. Thereafter, we can establish an inequality
S(λ1m?, λ2m?) ≤ (d1 + d2)
[
ln
(
λ2
λ1
)
+
λ2 − λ1
λ2λ1
]
.
(63)
Similarly, the asymptotic form of K1(z˜) leads to
S(λ2m? + 1,∞) = pi
2δ
e−4|b0|δ
√
λ2 [1 +O(δ)] . (64)
We note the critical role that is played by the integral
regulator δ in the Eqn. (64). In particular, in the absence
of the integral regulator δ the summation would have
diverged. In the limit m? → ∞. i.e. when the volume
regulators are removed for a fixed δ, we can express the
Eqn. (60) as
S−(κ)− S+(κ) = γ
[
1 +
1
2pi2
ζ(2)
]
. (65)
Using the value of the Riemann zeta function ζ(2) = 16pi
2,
we conclude that in order to satisfy the required consis-
tency condition one must demand γ = (12/13) which is
indeed a rational number as required. Together with the
Eqn. (52) we may express the consistency condition also
as (
ξL−√
2rs
)
= 12
(√
2rs
ξR−
)
. (66)
Clearly, the requirement that Poisson brackets of both
observers be simultaneously satisfied also for extremal
Kerr black holes, demands that the volume regulators ξL−
and ξR− are not to be treated independently but should
be varied together as given in the Eqn. (66). We may
also point out that when volume regulators are removed
then the integral regulator δ fully drops off from the ex-
pression.
D. On inconsistency of Bogoliubov coefficients
We would like to note that as reported in [3–5],
the Bogoliubov coefficients for extremal black holes
fail to satisfy the analogous consistency condition∫
dω′dω′′(αωω′α∗ω′′ω′ − βωω′β∗ω′′ω′) = 1. The key rea-
son behind this failure of the Bogoliubov coefficients lies
in the improper approximation made in the relation be-
tween the null coordinates, given by u = C/(v0 − v) [5].
This relation is used in evaluation of the Bogoliubov co-
efficients and is analogous to the Eqn. (52) between the
near-null coordinates here. It may be emphasized that
one would encounter the same failure in satisfying the
consistency condition even here, had one used the ap-
proximation ξ+ ≈ −(2r2s/ξ−) instead of the Eqn. (52).
Firstly, this approximation would fail to fully cover the
domain of ξ+, given the domain of ξ− is (0,∞). This
is unlike the analogous approximation for non-extremal
Kerr black hole ξ+ ≈ ln(κhξ−)/κh (39) which covers the
full domain of ξ+. Secondly, this approximation would
have lead the expression b± to be ∼ (±k) rather than
∼ (κ ± k). Due to this one would have missed the pos-
sibility of (κ − k) = 0 which directly gives rise to the
leading term |F δ0 (−κ, κ)|2 in the consistency condition
(60). Furthermore, even the term ζ(2) in the same consis-
tency condition originates because |b−|2 6= |b+|2. With-
out these terms being present even here one would have
failed to satisfy the required consistency condition. We
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may add that for non-extremal Kerr black hole even if
one considers the relation to be ξ+ ≈ ξ− + ln(κhξ−)/κh,
the conclusion there remains unaffected.
E. Number density of Hawking quanta
We have shown that the expectation value of the
number density operator corresponding to the Hawking
quanta in Fock quantization can be expressed in terms
of S+(κ) (34). For convenience, we define the following
auxiliary summation
S+(s0, s1) =
s1∑
s=s0
(s−m?)
s2
|z˜K1(|z˜|)|2 . (67)
The regulated expression of the summation S+(κ) can
then be written as
Sδ+(κ) =
γ
4pi2m?
[S+(m?, λ2m?) + S+(λ2m? + 1,∞)] .
(68)
As earlier, for large m? we can approximate the summa-
tion by an integration to establish an inequality as
S+(m?, λ2m?) ≤ d2
[
ln (λ2)− 1 + 1
λ2
]
. (69)
Similarly, by using the asymptotic form of K1(z˜), we can
evaluate
S+(λ2m? + 1,∞) = pi
2
e−4|b0|
√
λ2
[
1 +O
(
1
λ2
)]
. (70)
We note from the Eqn. (69) and (70) that their leading
terms are independent of m?. Therefore, in the limit
m? →∞, the Eqn. (68) implies that Sδ+(κ) ≤ 0. On the
other hand, by definition Sδ+(κ) ≥ 0 and hence
lim
m?→∞
Sδ+(κ) = 0 . (71)
We note that when volume regulators are removed then
the integral regulator δ also drops off fully. Therefore, the
expectation value of the number density operator (34) as-
sociated with the Hawking quanta of physical frequency
ω for extremal Kerr black hole is given by
Nω˜ = Nω−mΩh = 〈Nˆ+κ 〉 = 0 , (72)
where ω˜ = κ > 0. In other words, the extremal Kerr
black hole does not emit Hawking radiation.
VI. DISCUSSION
In summary, we have shown here that one can perform
an exact derivation of the Hawking effect using Hamilto-
nian based canonical formulation for both non-extremal
and extremal Kerr black holes. In order to do so we
have extended the scope of the so-called near-null co-
ordinates which were recently introduced for canonical
derivation of Hawking effect in Schwarzschild spacetime
[6]. In the context of extremal Kerr black holes it is
usually believed that extremal black holes do not emit
Hawking radiation as one would conclude by taking the
extremal limits of non-extremal black holes. However,
whether one can make such conclusion starting from an
extremal black hole is debated in the literature [2–5].
These debates stem from the fact that the associated Bo-
goliubov coefficients that relate the ingoing and the out-
going field modes do not satisfy the required consistency
condition. Therefore, these Bogoliubov coefficients are
not considered to be reliable for extremal black holes. In
the canonical formulation the analogous consistency con-
dition arises from the requirement of the Poisson bracket
of field modes and their conjugate momenta be simul-
taneously satisfied for different observers. Here we have
shown that in the canonical derivation the required con-
sistency condition is satisfied also for extremal Kerr black
holes. We have also pointed out the reason behind the
reported failure of Bogoliubov coefficients to satisfy the
required condition. Further, we have shown that the ex-
pectation value of the associated number density oper-
ator vanishes for the extremal Kerr black holes. This
aspect reaffirms that the extremal Kerr black holes do
not emit Hawking radiation.
The canonical derivation of the Hawking effect for Kerr
black holes as presented here provides an initial stage
for the study of Hawking effect in the context of the so
called polymer quantization [7, 8], specially as applied in
[12–15]. Additionally, the method as developed for Kerr
spacetime can be generalized for other similar spacetimes
such as Reissner-Nordstro¨m and Kerr-Newman [41, 43,
54–62] in a straightforward manner.
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